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Maximal sympleti pakings in P
2
.
Emmanuel Opshtein
∗
Abstrat
In this paper we desribe the intersetion between the balls of maximal sympleti
pakings of P
2
. This analysis shows the existene of singular points for maximal
pakings of P2 by more than three equal balls. It also yields a onstrution of a lass
of very regular examples of maximal pakings by ve balls.
1 Introdution.
The sympleti paking problem is the question of identifying the onditions on the radii
of k balls for being able to pak them sympletially in a given manifold. It was rst on-
sidered by Gromov as a problem whose answer singularizes sympleti geometry from the
volume-preserving one : the restritions are sometimes stronger than the volume obstru-
tion alone [6℄. For instane, the non-squeezing theorem asserts that no ball of radius bigger
than one an be paked (or embedded in this single ball situation) in the innite volume
ylinder B2(1) × R2n. In the speial ase of P2, this problem has been given a omplete
answer. Apart from the volume obstrution, sympleti pakings by less than eight balls
are submitted to nitely many purely sympleti obstrutions disovered by Gromov [6℄
and MDu-Polterovih [9℄. Biran also proved that the sympleti obstrutions disappear
for more than nine balls [3℄.
This paper is aimed at desribing what the pakings of P
2
by balls of maximal radii
look like. We are partiularly interested in understanding their intersetion properties. Let
us rst dene our objets.
Denition 1.1. A maximal sympleti paking of M by k balls is a sympleti embedding
ϕ : (B(r1)
∐ · · ·∐B(rk), ωst) →֒ (M,ω) where the radii are suh that there exists no
sympleti paking of M by balls of radii (r1, . . . , ri + ε, . . . , rk). It will be said smooth if
eah ϕi := ϕ|B(ri) extends to a smooth embedding of the losed balls in M . It will be said
regular if these maps have only a nite number of singular points on the boundary : eah
ϕi extends to a topologial embedding of the losed ball whih is a smooth embedding of
B(ri)\{p1i , . . . , pnii }.
The spae of regular maximal sympleti pakings by a xed number of balls is naturally
endowed with the Hausdor topology for ompat sets (for instane). Throughout this
paper, generiity is meant with respet to this topology, and should be understood in a
strong sense : a property is generi if it is true for an open dense set. Our rst theorem
deals with smooth maximal sympleti pakings of P
2
.
Theorem 1. Below are the generi pattern of intersetion between the balls of smooth
maximal sympleti pakings of P
2
.
a. Generially, the losed balls of a smooth maximal sympleti paking of P
2
by two balls
interset preisely along one ommon Hopf irle of their boundary.
b. Generially, any two losed balls of a smooth maximal sympleti paking of P
2
by three
equal balls interset preisely along one ommon Hopf irle of their boundary.
. Generially, the two smallest balls of a smooth maximal sympleti paking of P
2
by
three non-equal balls do not interset, while the intersetion of the biggest ball with any of
the others is exatly one ommon Hopf irle of their boundaries.
d. There exist no smooth maximal sympleti paking of P
2
by more than three equal balls.
∗
This resear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The Hopf irles of a ball are the harateristi leafs of its boundary (see setion 3.1).
Theorem 1 is better understood in the light of Karshon's examples [9℄: it says that generi
smooth maximal sympleti paking look very muh like those she produed (see setion
2). The idea onsists in translating the maximality property to the existene of har-
ateristi irles in the intersetions of the boundary spheres. These harateristis give
rise to (maybe singular) sympleti spheres, whose intersetion properties lead to the de-
sired uniqueness. The approah is based on a strong onnetion observed by Paternain-
Polterovih-Siburg [12℄ or Laudenbah-Sikorav [7℄ between sympleti non-removable in-
tersetion and losed harateristis.
The importane of the harateristi foliation in the present study is preisely the rea-
son for our denition of smooth or regular maximal sympleti paking to be so restritive.
Before going further, a disussion about the existene of the objets under onsideration is
needed. A non-ontrutive argument due to MDu shows that there always exist symple-
ti pakings by open balls of maximal radii, with no guaranteed boundary regularity. In
the other hand, several expliit examples are available. We already mentionned Karshon's
smooth pakings by two or three balls. Generalizing her onstrution, Traynor [15℄ and
Shlenk [13℄ produed examples of maximal sympleti pakings of P
2
by ve and six balls,
whih unfortunately fail from far to be regular. It is not ompletely surprising in view of
theorem 1.d. As far as we are onerned, the ahieved boundary regularity is nevertheless
as diult to handle as MDu's abstrat maximal pakings : no onvenient notion of
harateristi foliation on the boundary of the balls an be dened. The seond result of
this paper onerns preisely the relevane of our denition of regularity. Allowing only
nitely many singularities enables us to produe interesting maximal pakings of P
2
, at
least by ve balls.
Theorem 2. There exist regular maximal sympleti pakings of P
2
by ve equall balls.
The onstrution relies on a deomposition theorem of Kähler manifolds due to Biran [4℄.
Our third result generalizes theorem 1 to the regular setting. The intersetions be-
tween the balls of a regular maximal sympleti paking is a union of Hopf irles of the
boundary spheres whih provides a grid of a topologial 2-fold, sympleti away from its
singularities.
Theorem 3. Given a regular maximal sympleti paking of a sympleti manifold, there
exists at least one supporting surfae : a losed topologial surfae overed by the balls
of the paking and whose intersetion with any ball is a union of smooth sympleti diss
bounded by Hopf irles. Generially, the balls of the paking interset exatly along the
Hopf irles ontained in the supporting surfaes.
The existene result above an be sharpened when the singularities are simple enough
(see denition 5.3). For ve balls for instane, the intersetion pattern must be the same
as in the onstruted examples (theorem 2).
Theorem 4. Regular maximal sympleti pakings of P
2
by ve equal balls whih have
simple type have exatly one supporting surfae, of sympleti area 2π, interseting eah
ball through exatly one Hopf dis. Generially these maximal pakings thus interset along
exatly one Hopf irle of eah of the boundary spheres.
The paper is organized as follows. In setion 2, we disuss previously known examples
of maximal sympleti pakings and we onstrut new ones (theorem 2). We hope this
setion to shed light on the statements of theorem 1, 3 and 4 by providing relevant illus-
trations. In the third setion, we explain the link between non-removable intersetions and
2
harateristi foliations in the setting of smooth balls, and prove theorem 1. The purpose
of setion 4 is to adapt to non-smooth objets the tools we use in the preeding setion. We
prove theorem 3 in setion 5 and onlude by a tehnial paragraph aimed at smoothening
the supporting surfaes in view of proving theorem 4.
Aknowledgements I would like to express gratitude to P. Biran, L. Polterovih and J.Y.
Welshinger for showing interest to this work, for usefull and motivating disussions.
2 Examples of maximal sympleti pakings.
The aim of this part is to provide the reader with examples of smooth or regular sympleti
pakings. We desribe them in the light of the results stated in the above introdution.
Karshon's onstrution. Examples of smooth maximal sympleti paking of P
2
were
shown by Karshon [9℄ or Traynor [15℄. They an be desribed in the following way. The
momentum map - or the ation-angle oordinates - presents P
2
as a singular bundle over a
losed triangle with 2-dimensional tori as generi bers. The balls forming the paking are
bered by these tori and projet by the momentum map to lose triangles (see gure 1).
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Figure 1: Maximal sympleti pakings of P
2
by 3 balls.
Note that the intersetion between the losed balls in these examples are preisely one
ommon irle of Hopf bration of the boundary spheres (point I). Moreover, the ber
over the line AB is a 2-dimensional sphere overed by the union of the two balls B1, B2, and
whose intersetion with eah ball is a dis bounded by a Hopf irle. It is thus preisely one
of the supporting surfaes of the paking. Theorem 1 says that every maximal pakings
of P
2
by two or three balls always have the same intersetion patterns as those examples.
From this example, it is also easy to see that the assumption onerning the equality
of the balls in theorem 1.d annot be dropped. Atually, if B1, B is a smooth paking of
P
2
by balls of radii r ≪ 1 and r1 =
√
1− r2, there exist k − 1 transformations of PU(2)
leaving B1 invariant and taking B to disjoint sympleti balls B2,. . . , Bk. Together with
B1, they provide a maximal paking of P
2
by k balls.
Biran's deomposition theorem (see [4℄). The examples of regular pakings to ome
are based on a deomposition result due to Biran whih we desribe now briey. Given an
integral Kähler manifold (M,ω, i) (i.e. with ω ∈ H2(M,Z)), there always exist a omplex
hypersurfae X whih is Poinare dual to kω for some big enough integer multiplier k.
Biran showed that there exists a skeleton ∆X ⊂ M (of empty interior) assoiated to this
hypersurfae, whose omplement in M is a standard sympleti bundle over X. It turns
out that some maximal pakings appear very learly in these speial oordinates. In order
to explain this point, let us disuss briey the struture of these standard bundles. Their
sympleti type is that of the unit dis bundle assoiated to a Hermitian line bundle of rst
Chern lass c1 = [kτ ], where τ = ω|X . The sympleti stuture itself is expliitly given by
ω := π∗τ + d(r2α)
where r is the radial oordinates in the ber and α is the 1-form whose restrition to the
bers is α|π−1(x) = 1/k dθ on E\{r = 0} and dα = −π∗τ . Notie that although θ is not
dened globally on E beause of non-vanishing Chern lass, the dierential form dθ is
perfetly dened out of the zero setion.
The onnetion between standard sympleti bundles and balls result from the following
simple observation. The restrition of these bundles to a sympleti ellipsoïd of X is
sympletomorphially equivalent to an ellipsoïd. In the following lemma, Ea = E(a1,...,an)
denotes the standard ellipsoïd of C
n
:
Ea :=
{
(z1, . . . , zn) ∈ Cn | |z1|
2
πa1
+ · · ·+ |zn|
2
πan
< 1
}
.
Lemma 2.1. Consider the trivial dis bundle π : Ea × D −→ Ea over an ellipsoïd of Cn,
equipped with a sympleti struture dened by ω := π∗ω
st
+ d(r2α), α|{x}×D = 1/kdθ and
dα = −π∗ω
st
, where (r, θ) are the polar oordinates on D. Then there exists a smooth
funtion h : Ea −→ R suh that the map
Φ : (Ea × D, ω) −→ (Ea, 1
k
, ωst)
(z, w) 7−→ (√(1− |w|2)z, 1√
k
ei h(z)w)
is a sympletomorphism.
Proof : Consider the oordinates (z, w)=(r1, θ1, . . . , rn, θn, r, θ) on Ea ×D. The sympleti
form ω is given in these oordinates by
ω =
n∑
i=1
dr2i ∧ dθi + d(r2α).
Taking into aount the identities α|{x}×D = 1/k dθ and dα = −
∑
dr2i ∧ dθi, we get :
ω = (1− r2)∑ni=1 dr2i ∧ dθi + dr2 ∧ α
=
∑n
i=1 d[(1 − r2)r2i ] ∧ dθi + dr2 ∧ [α+
∑n
i=1 r
2
i dθi]
=
n∑
i=1
d[(1 − r2)r2i ] ∧ dθi +
1
k
dr2 ∧ [dθ + β],
where β := k[α − 1/k dθ +∑ni=1 r2i dθi]. The form β is dened on Ea × (D\{0}) and is
losed. Moreover, its ation on the fundamental group of Ea × D\{0} is trivial beause
β|{x}×D = 0. Hene there is a smooth funtion h : Ea × D\{0} −→ R suh that β = dh.
Notie now that h does not depend on w beause β vanishes on the vertial diss. This
funtion thus extends to Ea × D and depends only on z. We nally get :
ω =
n∑
i=1
d[(1− r2)r2i ] ∧ dθi +
1
k
dr2 ∧ d(θ + h)
= Φ∗
[
n∑
i=1
dr2i ∧ dθi + dr2 ∧ dθ
]
,
where Φ is the announed map. It learly sends Ea × D to the ellipsoïd Ea, 1
k
. 
Sine a omplex hypersurfae of a Kähler manifold is Kähler, an obvious iteration leads to
the following orollary. It seems to hold true also in general ompat sympleti manifolds
due to Donaldson's results on the existene of sympleti hypersurfaes [5℄.
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Corollary 2.2. Every Kähler manifold has full paking by one ellipsoïd.
Maximal full paking of P
n
by kn balls. We make a digression at this point to explain
how to onstrut a full sympleti paking of P
2
by four open equal balls of radius 1/
√
2.
The generalization to kn balls of maximal radius 1/ n
√
k in Pn is straightforward. As far as I
know, although their existene is well known from MDu-Polterovih's work, no example
of suh pakings was available up to now.
Consider the quadri Q := {z20 + z21 + z22 = 0} in P2 with homogeneous oordi-
nates [z0 : z1 : z2]. Then π : P
2\RP2 −→ Q is a standard dis bundle with bers of
area π/2. Divide Q in four open diss Di of area π/2, i = 1, . . . , 4. Then the sets
Bi := π
−1(Di) ⊂ (P2, ωFS) are obviously disjoint. Moreover, the previous lemma shows
that they are sympleti balls of radius 1/
√
2. Notie also that the boundary singularities
of these balls (inavoidable by theorem 1.d) are easily desriptible in terms of the singular-
ities of the diss Di thanks to the expliit formula for the sympletomorphism Φ of lemma
2.1.
Regular maximal paking of P
2
by ve balls (see gure 2). As above onsider the
quadri Q := {z20 + z21 + z22 = 0}, and the projetion π : P2\RP2 −→ Q whih gives P2\RP2
the struture of a standard dis bundle with bers of area π/2. Cover Q by ve losed
diss of area 2π/5 with nite number of singularities on their boundaries. We laim that
we an nd the desired balls of the paking inside the saturated sets upon these diss. To
see this, we onstrut a regular sympleti embedding of a ball of radius R inside π−1(D),
where D is any losed dis in Q of area πR2 < π/2, with a nite number of singularities
p1, . . . , pk ∈ ∂D. First identify π−1(D) with D×D. Then (π−1(D), ωFS) is sympletomor-
phi to a standard ellipsoïd E := ER,1/√2 via a map Ψ whih is the omposition of a bered
map sending D × D to the standard bidis DR × D with the map Φ of lemma 2.1. The
boundary regularity of the sympletomorphism Ψ : π−1(D) −→ E an be easily desribed.
First it extends to a homeomorphism between D × D (i.e. π−1(D) minus the setion at
innity) and E\C∞ where C∞ := {|z2|2 = 1/
√
2, z1 = 0}. Moreover, this extension is a
loal dieomorphism exept at the singular points ∪{pi}×D of π−1(D). Now the ellipsoïd
E ontains an eulidean losed ball B of radius R whose boundary intersets ∂E only along
the zero setion {z2 = 0, |z1| = R}. The map Ψ−1 : B −→ π−1(D) is therefore a regular
sympleti embedding of a ball of radius R in π−1(D). 
pk
Ψ
p2
(D× D, ω′)
(ϕ(z1), z2)
ϕ∗σst = σst
Φ
BR
(D × D, ω) (ER,1/
√
2
, ωst) Ψ
−1(BR)
p2
pkp1p1
Figure 2: Regular paking of a standard dis bundle over a dis by a ball.
It may be worth notiing that this onstrution onrms the intuition that the spae of
maximal sympleti pakings of P
2
by four or ve balls is not onneted (in ontrast with
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the non-maximal situation, see [2, 8℄). It is less lear for two or three balls.
3 Non-removable intersetions in smooth maximal pakings.
The aim of this setion is to introdue the main tool of the paper - namely the link between
non-removable intersetions in sympleti geometry and harateristi foliations - following
[12, 7℄. We also prove theorem 1. Dealing only with smooth objets rst permits to avoid
the tehnial diulties arising in the ontext of regular pakings. The ideas should be
more transparent to the reader.
Let us explain rst how the generiity is ahieved in theorem 1. The Hamiltonian
transformations of P
2
at trivally on the spae of maximal sympleti pakings by moving all
balls together. More generally, one an also move on this spae by onsidering independant
Hamiltonian transformation of eah ball of the paking, as long as they preserve the paking
property (the interior of the balls do not interset). Preisely, we dene a Hamiltonian
perturbation of a maximal paking {ϕi}i=1,...,k as a family {ϕti} := {ΦtXHi ◦ ϕi}, where the
time-dependent Hamiltonian funtions Hi on M are suh that the open balls ϕ
t
i(B(ri))
remain disjoint sets for all t ∈ [0, ε]. Note that, unlike global Hamiltonian transformations,
these Hamiltonian perturbations of pakings enable to break intersetions. The properties
stated in theorem 1 are generi preisely beause they are always true after a possible
Hamiltonian perturbation of the paking.
3.1 Digging in a ball by a Hamiltonian : Sullivan's lemma.
As explained in [12℄ and [7℄, the harateristi foliation plays a entral role in the phenomena
of sympleti non-removable intersetion. Loosely speaking, the reason for a ompat
set inside the smooth boundary of an open set U not to be displaable inside U by a
Hamiltonian vetor eld is that it ontains a losed invariant set of the harateristi
foliation of ∂U .
Denition 3.1. The harateristi distribution of a hypersurfae S in a sympleti man-
ifold (M,ω) is the kernel of the restrition of ω to S (i.e. ∀x ∈ S, x := kerωx|TxS).
The harateristi foliation of S is the integral foliation assoiated to this one-dimensional
harateristi distribution.
The harateristi foliation is obviously preserved by any map ϕ : S ⊂ (M,ω) −→ S′ ⊂
(M ′, ω′) with ϕ∗ω′|TS′ = ω|TS.
Example : On the eulidean sphere S(r) ⊂ Cn, the harateristi distribution is given by
x = SpanR(i ~N(x)) where ~N(x) := x/‖x‖. The harateristi foliation is thus the lassial
foliation of S(r) by Hopf irles. We all smooth (or regular) sympleti losed ball of (M,ω)
any sympleti smooth (or regular) embedding of a eulidean losed ball of C
n
in M . If
B is a sympleti losed ball in M orresponding to a regular embedding ϕ : B(r) −→M ,
the harateristi leaves of ∂B = ϕ(S(r)) are the images by ϕ of the Hopf irles of S(r)
and will be alled the Hopf irles of B. Finally, the Hopf diss of a sympleti ball B are
the images of the intersetions of B(r) with the omplex lines of Cn.
The vetor eld i ~N(x) denes and orients the harateristi foliation of the eulidean
sphere S in Cn. The Hamiltonian vetor eld ~XH assoiated to a smooth funtion H :
C
n −→ R points inside B at a point x of S if and only if i ~N ·H(x) < 0. Atually,
~XH · ~N(x) < 0⇐⇒ ω( ~XH(x), i ~N (x)) < 0⇐⇒ dHx(i ~N(x)) < 0.
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In other terms, the Hamiltonian vetor eld
~XH digs in B at a point x of S if H is
dereasing along the harateristi foliation at this point. The following lemma explains
along whih ompat sets of S one an dig in B in a Hamiltonian way. It is a partiular
ase of a more general result due to Sullivan [14℄ (see also [7℄) :
Lemma 3.2. Let K be a ompat set of S2n−1 ⊂ Cn and C the set of Hopf irles belonging
to K. There exists a smooth funtion H : S2n−1 −→ R suh that i ~N ·H < 0 on K\C and
dH = 0 on C.
Proof : We rst redue Lemma 3.2 to nding onvenient funtions on solid tori by an
argument of partition of unity. Denote π : S2n−1 −→ Pn−1 the Hopf projetion. Given an
open over by balls U := {Uα} of π(K\C), hoose an open set U whih ompletes U to a
over of P
n−1
. Consider a smooth partition of unity {Φα,Φ} assoiated to (Uα, U). Also
hoose a smooth non-negative funtion θ on Pn−1 whih vanishes on π(C) at order two and
is positive out of π(C). We laim that if we an nd funtions hα : π−1(Uα) −→ R suh
that i ~N · hα < 0 on K\C ∩ π−1(Uα) then the funtion H = θ ◦ π
∑
Φα ◦ π · hα is of the
required type. Atually,
i ~N ·H = θ ◦ π
∑
Φα ◦ π i ~N · hα < 0 on K\C (1)
and dH =
(∑
Φα ◦ π.hα
)
d(θ ◦ π) + θ ◦ πd
(∑
Φα ◦ π.hα
)
= 0 on C. (2)
The rst equality holds beause θ◦π and Φα◦π are onstant along i ~N . The seond beause
both θ ◦ π and dθ ◦ π vanish on C.
Thus it only remains to build the over of π(K\C) ⊂ Pn−1 by balls and the suitable
funtions on the solid tori whih projets to these balls by π. In the neighbourhood of
x ∈ π(K\C), the ompaity of K allows to nd a loal setion s : Bδ(x) −→ S2n−1 of π and
onstants ε(x) > 0 suh that the intervals
I(x˜) :=
{
Φt
i ~N
(s(x˜)) , t ∈]− ε(x), ε(x)[
}
, x˜ ∈ Bδ(x)
ontain no points ofK. These balls Bδ(x) provide a over of π(K\C), for whih we onstrut
now the funtions hx. For this, rst identify π
−1(Bδ(x)) with Bδ(x) × S1 by the map
ϕ : Bδ(x) × S1 −→ π−1(Bδ(x)) dened by ϕ(x˜, t) := Φt+ε(x)i ~N (s(x˜)). By ϕ, Ix˜ is taken
to ] − 2ε(x), 0[ and i ~N to ∂/∂t. In these oordinates, we an dene the funtion hx on
Bδ(x) × S1 by : {
hx(x˜, t) = −t for t ∈ [0, 1 − 2ε(x)],
hx is smooth on Bδ(x) × S1.
Suh a funtion an obviously be dened, and it ts with the requirement i ~N · hα < 0 on
K\C ∩ π−1(Uα). 
Corollary 3.3 (Perturbation proedure for smooth balls). Let M be a sympleti
manifold, B ⊂ M a smooth sympleti losed ball and U an open set of M . Assume that
U ∩B = ∅, denote K := ∂U ∩B and C the Hopf irles of ∂B ontained in K. Then there
is a Hamiltonian funtion H on M suh that ΦεXH (B) ∩ U = ΦεXH (B) ∩ ∂U = C for any
small positive real number ε.
Proof : It is well-known that there exists a sympletomorphism Φ between a neighbourhood
N(∂B) of ∂B in M and a neighbourhood N(S) of S(r) in Cn. This map sends K to
K ′ = Φ(K), C to C′ = Φ(C) where C′ is exatly the set of Hopf irles of S(r) ontained in
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K ′. Consider a funtion h on S(r) assoiated to (K ′, C′) as in lemma 3.2. Extend it to a
smooth funtion of C
n
with ompat support in N(S). The funtion H := h ◦ Φ, a priori
dened on N(∂B), an be extended to M by setting H = 0 outside N(∂B). As explained
above, the vetor eld XH points inside B on K\C and vanishes on C. 
This orollary is unfortunately only useful when dealing with smooth balls. In our
ontext, B will usually be one of the (only regular) balls Bi and U the union of the other
balls ∪j 6=iBj . We will prove the ounterpart of this perturbation proedure for regular
sympleti losed balls in next setion (see proposition 4.3).
Remark : a C0 denition of the losed harateristis. Sullivan's lemma suggests an
alternative denition of a losed harateristi whih makes no mention on the harteristi
distribution. Given an open set U with smooth boundary and a point x ∈ ∂U , dene
Cx := ∩ε>0Cx,ε
Cx,ε :=
{
y ∈ ∂U | ∃H ∈ C∞(M,R), Φ
t
XH
(x) ∈ U,
and ΦtXH (∂U\Bε(y)) ⊂ U
∀t > 0
}
.
The set Cx may be ∂U itself for some points. However, Sullivan's lemma ensures that
it is the harateristi leaf through x when it is losed. It would be interesting to know
wether this denition gives a sympleti invariant when ∂U is not smooth any more. For
instane, do the Cx and the Hopf irles oinide for a suiently regular but non-smooth
sympleti ball? Equivalently, one an ask if this denition gives non-trivial subsets of ∂U
when ontinuous Hamiltonians rather than smooth ones are onsidered [11℄.
3.2 Sympleti spheres in maximal pakings.
We show here that any Hopf irle in the intersetion of two sympleti balls along their
boundaries gives rise to its own supporting sphere.
Lemma 3.4. Let B1, B2 be regular sympleti losed balls of a sympleti manifold (M,ω)
with disjoint interior, of radii r1, r2 and enters O1, O2. Through any ommon Hopf irle
C of ∂B1 and ∂B2 there is a topologial 2-sphere SC of M passing through O1, O2, smooth
exept along C and with sympleti area π(r21 + r
2
2). In dimension four, any two suh
spheres interset preisely in O1 and O2 with intersetion number 1 at eah point.
Proof : Let ϕi : B(ri) −→ Bi the orresponding sympleti embeddings and Ci := ϕ−1i (C).
Then Ci is a Hopf irle of ∂B(ri) and bounds a holomorphi dis DCi ⊂ B(ri). Its image
by ϕi is a sympleti dis Di in Bi of area πr
2
i passing through Oi and bounded by C (a
Hopf dis). When gluing D1 with D2 along their ommon boundary, we get a topologial 2-
sphere SC whih is smooth exept on C and has area A(SC) = πr21+πr22. By onstrution,
two suh spheres SC , SC′ interset only at O1, O2 and in dimension 4, their intersetion
numbers at Oi is 1 beause they are the same as the intersetion numbers of DCi , DC′i in
B4(ri). 
3.3 Smooth maximal pakings : proof of theorem 1.
Proof of theorem 1.a. Fix a smooth maximal sympleti paking of P
2
by two balls
{B1, B2} of radii r1, r2 heking the maximality ondition r21 + r22 = 1. Denote by K :=
∂B1 ∩ ∂B2 and C the set of Hopf irles of ∂B1 ontained in K. Note that suh a irle
is also a Hopf irle of ∂B2 beause ∂B1 and ∂B2 are tangent along K. The perturbation
proedure 3.3 shows that after a possible Hamiltonian perturbation of the paking, we an
assume that K = C.
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Gromov's work shows that the balls of a smooth maximal paking of P
2
by two balls
annot be disjoint (we also prove it for proposition 4.1 in the more general setting of regular
mapping). It implies of ourse that no Hamiltonian perturbation of our paking an lead to
disjoint balls. In view of the perturbation proedure 3.3, K must ontain at least one Hopf
irle of ∂B1, so C is not empty. To prove that C is exatly one Hopf irle, we argue by
ontradition and assume that C ontains two irles C and C ′. The topologial 2-spheres
SC and SC′ given by Lemma 3.4 interset preisely at O1, O2 with intersetion numbers
one at eah point. On the other hand, they both have sympleti area π(r21 + r
2
2) = π so
they are in the homology lass of a line L in P2. We thus have 2 = SC1 · SC2 = L · L = 1
whih is a ontradition. 
Proof of theorem 1.b,. Let B1, B2, B3 be the losed balls of our smooth maximal
paking. We an assume that their radii hek r1 ≥ r2 ≥ r3. Then the maximality
ondition is :
r21 + r
2
2 = r
2
1 + r
2
3 = 1.
Dene as above Kij := Bi ∩ Bj = ∂Bi ∩ ∂Bj and the sets Cij onsisting of the Hopf
irles of Kij . The rst point is to prove that we an get rid of Kij\Cij by a Hamiltonian
perturbation. Unlike the two-balls situation, it is not obvious at rst glane beause a
Hopf irle of ∂B1 ould a priori be overed by ∂B2 ∪ ∂B3 without being in any Kij . But
notie that the Kij are pairwise disjoint ompat sets (and remain so after perturbation)
beause the intersetion of two of the Kij is preisely B1∩B2∩B3. This intersetion must
be empty beause any point of it would be a singular point of at least one of the balls. By
onnexity, we dedue that K12 ∪K13 ontains no Hopf irles away from those in C12 and
C13. After a Hamiltonian perturbation of B1 aording to orollary 3.3, we an assume
that Ki1 = Ci1. After a seond Hamiltonian perturbation, this time of B2, we an also
assume that K23 = C23.
Proof of theorem 1.b (r1 = r2 = r3 = 1/
√
2). In this ase, any two balls of B1, B2, B3
form a maximal sympleti paking of P
2
by two balls. As suh, and in view of theorem
1.a, Kij = Cij ontains exatly one irle.
Proof of theorem 1. (r1 > r2 = r3). In this ase, (B1, B2) and (B1, B3) form maximal
sympleti pakings of P
2
by two balls. As behind we onlude that C12 and C13 ontain
exatly one irle. Finally, if C23 were to ontain a irle, Lemma 3.4 would assoiate to it
a toplogial 2-sphere of sympleti area π(r22 + r
2
3) ∈]0, π[. It is learly impossible, so C23
is empty. 
Remark 3.5. This last argument shows that any two losed sympleti balls of radii r1, r2
in P
2
with disjoint interiors an interset along a full Hopf irle of the boundary of one of
them (heneforth of both) only if r21 + r
2
2 ∈ N.
Proof of theorem 1.d Suppose by ontradition that n losed balls B1, . . . , Bn of the
same radius r onstitute a maximal paking of P2 (n ≥ 4).
We know from [9℄ and [3℄ that for n = 4 and n ≥ 9, suh a paking should ll the spae.
Then any point p of the boundary (in ∂B1) of ∂B1 ∩ ∂Bi belongs to a third ball Bj . So
our paking by B1, · · · , Bn is not smooth as already notied in last paragraph. Moreover,
the radius of the balls is less than
√
2/5 <
√
1/2 for n = 5, 6, 7, 8. As before, we are in a
non-removable intersetion situation : the ball B1 annot be disjointed from the union of
the other ones ∪j 6=1Bj (see proposition 4.1). In view of orollary 3.3, it means that there
is a Hopf irle C of ∂B1 whih is also overed by ∪j 6=1∂Bj . Assume to x the notations
that C ∩ ∂B2 6= ∅. Sine r2 < 1/2, remark 3.5 shows that C annot be entirely ontained
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in ∂B2. So there is a point p in the boundary of ∂B2 in C. Suh a point also belongs to
another ball, so it is an intersetion point of ∂B1, ∂B2 and ∂Bi for i 6= 1, 2. Our paking
annot be smooth. 
4 Regularizations and extensions of regular embeddings.
This purely tehnial setion is aimed at extending the perturbation proedure desribed
in orollary 3.3 to non-smooth balls. We rst explain how to extend slightly a sympleti
open ball in an open manifold M . It should be notied that the following proposition
applies to regular embeddings of a ball.
Proposition 4.1. Let ϕ : B(r) →֒ M be a sympleti embedding of an eulidean ball.
Assume ϕ extends smoothly to an embedding of B(r)\K into M where K is a losed set of
∂B(r). If K ontains no Hopf irle of ∂B(r) then for any open neighbourhood V of Imϕ,
there is a sympleti embedding ϕ˜ε : B(r + ε) →֒ V for ε small enough.
If K = ∅ then ϕ˜ε an be hoosen to be an extension of ϕ i.e. ϕ˜ε |B(r) = ϕ.
The non-squeezing theorem shows that this proposition is sharp in the sense that K
atually has to be assumed not to ontain any Hopf irle.
Proof : When the singular lous is empty (K = ∅), this proposition is very lassial. We
show however its brief proof so that it serves as a basis for the non-smooth ase. In this
situation, the image ϕ(∂B(r)) is a smooth hypersurfae of M . Denoting by S := ∂B(r),
the regular neighbourhood theorem gives a sympletomorphism ψ : Nε(S) −→ N(ϕ(S))
from an ε-neighbourhood of the standard sphere of radius r in Cn to a neighbourhood of
ϕ(S) in M (see [16℄ or [10℄, p.101). Morevover, this map an be hosen in suh a way that
Ψ|S = ϕ|S and ψ′(x) ~N(x) = ϕ′(x) ~N (x) for any point x ∈ S ( ~N(x) denotes again x/‖x‖).
The map ϕε : B(r + ε) −→M dened by
ϕε(x) :=
{
ϕ(x) for x ∈ B
Ψ(x) for x ∈ Nε(S)\B
is C1-smooth, and hene a sympletomorphism from the ball of radius r + ε inside M .
For singular hypersurfaes, the standard neighbourhood theorem is not valid anymore,
hene the above proof has no straightforward generalization. However it an be easily
adapted by using a regularization trik explained in Lemma 4.2 below. It states that under
the extension ondition on ϕ of proposition 4.1, there exists a regularization ϕ˜ : B(r) →֒
M whih is a sympleti embedding of the losed ball inside the presribed neighbourhood
V of ϕ(B(r)\K). Now the extension ϕ˜ε of ϕ˜ onstruted in the ase K = ∅ gives the
desired map. 
The result we have used in this proof is a partiular ase of the following lemma for C = ∅.
This extended version will nevertheless be usefull in order to generalize orollary 3.3.
Lemma 4.2. Let ϕ : B(r)\K →֒ M be a sympleti embedding of a losed ball minus a
singular ompat set K ⊂ ∂B(r) inside an open manifold M . Denote by C the set of Hopf
irles of ∂B(r) ontained in K. There exists a sympleti embedding ϕ˜ of B(r)\C inside
any presribed neighbourhood V of Imϕ = ϕ(B(r)\K).
Proof : Consider an open set U ⋐ ∂B(r)\K whih ontains at least one point of eah Hopf
irle of ∂B(r)\C. As in the previous proof, ϕ an be extended as a sympleti embedding to
a shell Uε := {[x, (1+ ε(x))x[, x ∈ U}, where ε is a small positive funtion on U . Provided
ε is suiently small, ϕ atually sends B′ε := B(r)\K ∪Uε into V . Lemma 3.2 shows that
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there exist a smooth funtion h : ∂B(r) −→ R suh that i ~N ·h < 0 on ∂B(r)\(U ∪C) with
dh = 0 on C. When extending this funtion to Cn, we get a Hamiltonian funtion whose
ow has the property that for t small enough, the set Φt~Xh
(B(r)\C) is ontained inside B′ε.
The map
ϕ˜ := ϕ ◦Φt~Xh : B(r)\C →֒ V
gives the desired sympleti embedding of B(r)\C inside V . 
Before stating the anouned generalization of the perturbation proedure 3.3 to regular
balls, we need to broaden slightly the notion of Hamiltonian perturbation. We say that
a path {ϕt, Bt} of regular sympleti balls in M is a regular Hamiltonian deformation if
there exist smooth funtions Ht dened in the interior of Bt suh that ϕt = Φ
t
XHt
◦ϕ. The
point is that we do not impose to these funtions to be dened in all of M , so they may
have singularities on the boundary. We however demand the whole path to be made of
regular sympleti balls. Now, a regular Hamiltonian perturbation of a paking is a regular
Hamiltonian perturbation of eah of its balls suh that the onguration of the balls at any
time t remains a paking. To illustrate this denition, onsider the speial ase of lemma
4.2 when M is an open manifold with boundary ∂M and ϕ : (B(r),K) →֒ (M,∂M) is a
regular sympleti ball with a part K of its boundary sent in ∂M . Then the map ϕ˜ is in
fat a regular Hamiltonian deformation of ϕ assoiated to the funtion h ◦ϕ−1. Moreover,
ϕ˜|C = ϕ|C . This obvious remark is exatly the ontent of next proposition.
Proposition 4.3 (Perturbation proedure for regular balls). Let U be an open set
of a sympleti manifold M and B a regular sympleti ball in M\U . Denote K := ∂B\∂U
and C the set of Hopf irles of ∂B ontained in K. Then there is a regular Hamiltonian
perturbation (Bt)t<ε of B with Bt ∩ ∂U = C for any positive t.
As a orollary of proposition 4.1, we get a non-removable intersetion property for
regular maximal sympleti pakings. No ball of suh a paking is ompletely disjoint from
the other balls.
Corollary 4.4 (Non-removable intersetion). Let Bi := ϕi(B(ri)) be a regular maxi-
mal sympleti paking of M . Then
∀i ∈ [1, k], Bi ∩ (∪j 6=iBj) 6= ∅.
This intersetion even ontains at least one Hopf irle of ∂Bi.
Proof : Call ϕi the sympleti embeddings of B(ri) in M orresponding to Bi. Suppose
by ontradition that K := Bi ∩ (∪j 6=iBj) ontains no Hopf irle of ∂Bi. The map
ϕi is a regular sympleti embedding of B(ri)\K inside the open sympleti manifold
M ′ = M\ ∪j 6=i Bj . By proposition 4.1, ϕi an be extended to a sympleti embedding
ϕ˜i : B(ri+ ε) →֒M ′. The maps ϕ1, . . . , ϕ˜i, . . . , ϕk thus provide a sympleti paking of M
by k balls of radii (r1, . . . , ri + ε, . . . , rk). It is learly in ontradition with the denition
of a maximal sympleti paking. 
5 Non-smooth sympleti pakings.
We turn to the problem of identifying non-smooth (but regular) maximal sympleti pak-
ings. We rst prove the existene of supporting surfaes of suh pakings (theorem 3). We
then remark that passing from theorem 3 to the preise statement of theorem 4 is a matter
of being able to perturb the topologial supporting surfae to a smooth sympleti surfae
(lemma 5.1). We nally show that the smoothening is possible under the hypothesis of
theorem 4, thus proving it.
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5.1 Existene of a supporting surfae : proof of theorem 3.
The idea of the proof is very simple. The non-removable intersetion property of the
paking implies the existene of a Hopf irle C1 of ∂B1 ontained in the union of the other
balls. Let us denote C1i the set of irles of Bi interseting C1 along an open set (C1i may
be empty or ontain several irles). Denote S0 the Hopf dis in B1 bounded by C1 and
S1 the surfae obtained by gluing the Hopf diss orresponding to C1i to S0. Obviously no
point of C1 is a boundary point of S1. Now there are two possibilities. Either the C1i are
overed by the balls Bj for j 6= i or not. In the rst ase, we an glue to S1 the Hopf diss
orresponding to the irles of C1ij (C1ij is the set of irles of ∂Bj interseting a irle of
C1i in an open set). We obtain a surfae S2 with boundary points neither in C1 nor in
C1i, whih we an use in order to iterate the onstrution. In the latter, we an get rid of
one of the irles of C1i from the intersetions between the balls by a small Hamiltonian
perturbation. The eet of this transformation is that C1 is not overed by the other balls
any more. It atually means that C1 was not relevant for our purpose, but there learly
exists another irle of ∂B1 to whih we an apply the previous proedure. The reason for
whih this iteration proess stops and produes a losed surfae is the niteness ondition
on the singularities. In order to make rigorous and lear the preeding iterative proess,
we enode the situation into a graph.
Let B1, . . . , Bk be the balls of a regular maximal sympleti paking of M . We already
know how to assoiate a supporting topologial sphere to any ommon Hopf irle of two
balls of the paking (see lemma 3.4). We thus onsider in the following only those Hopf
irles not onerned by this basi onstrution. Dene
Si := {x ∈ ∂Bi | ∃j , Cx ⊂ ∂Bj},
Ci := {x ∈ ∂Bi | Cx ⊂
⋃
j 6=i ∂Bj , Cx 6⊂ ∂Bj ∀j 6= i},
where Cx denotes the possibly singular Hopf irle of ∂Bi passing through x. Clearly, if
one of the Ci is empty, then orollaries 4.4 and 3.4 show that there must be a supporting
2-sphere of the paking passing through Bi. As before, our aim is to explain to what Ci
an be redued after Hamiltonian perturbation of the paking. Notie that by denition,
eah irle of Ci ontains at least one triple intersetion point between the balls of the
paking, and there are only nitely many suh points beause of the regularity ondition
on the paking. Sine any two Hopf irles of a given ball are disjoint, eah Ci thus ontains
only a nite number of Hopf irle of ∂Bi. Consider heneforth the nite graph G whose
verties are the Hopf irles ontained in one of the Ci, and the edges are the pairs of suh
irles whih share an open ar. Also olour the verties blak when they represent a irle
C ∈ Ci whih is also ontained in ∪j 6=iCj and red otherwise.
A red vertex is a Hopf irle C of ∂Bi whih is overed by the other balls but not
by the union of the Cj for j 6= i. Sine eah Cj is ompat, there must be an open ar
I ⊂ C whih is a piee of a Hopf irle of ∂Bj , not overed itself by the other balls of the
paking. The perturbation proedure then allows to produe a new paking (B˜1, . . . , B˜k)
very lose to the original one, with intersetion between the balls unhanged exept that
B˜i ∩ B˜j = Bi ∩Bj\I. The graph G˜ assoiated to the perturbed maximal paking is thus a
subgraph of G obtained by erasing the vertex C together with all its adjaent edges, and
turning all its neighbours in G to red. In partiular, G˜ has one vertex less than G. This
proess an be iterated as long as there is a red vertex in the graph. Beause the initial
graph is nite, there must be a stabilization after a nite number of steps. We onlude
that some Hamiltonian perturbation of the paking leads to a graph whih is only blak.
We will now suppose that G itself has only blak verties. Applying the perturbation
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proedure one more, we an arrange so that
Bi ∩ ∪j 6=iBj = Ci ∪ Si.
We laim that eah onneted omponent Gˆ of G orresponds to a supporting surfae.
Atually, let S be the union of the Hopf diss orresponding to the Hopf irles of Gˆ.
It is obviously a onneted spae, overed by the losed balls of the paking. We need
however a brief disussion of the regularity of this spae before we an assure it is atually
a topologial surfae. Inside the balls rst, S is an immersed sympleti surfae, whose
only self-intersetion points are positive and loated at the origin of the balls. Consider
then a point x of S ∩ ∂Bi whih is not a singular point of any ball. In partiular it is not
a triple intersetion point of the paking, so S annot be made of more than two diss in
a neighbourhood. Moreover x belongs to a Hopf irle of Ci. The fat that this Hopf irle
is blak oloured implies preisely that x is in the boundary of at least two Hopf diss.
It follows that S is loally made of exatly two smooth Hopf diss glued along a interval
around x. It is easily heked that S is even loally dieomorphi to a ylinder {y = |x|}×R
at these points. We thus onlude that S is as announed a losed topologial surfae with
nitely many possible singular points loated at the singular points of the paking. 
5.2 Renement of theorem 3 when the supporting surfaes are smooth.
In the onrete ase of ve balls in P
2
, we explain now how to sharpen theorem 3 and get
theorem 4. We onsider for the remaining of this paragraph a regular maximal sympleti
paking of P
2
by ve equal balls ϕ1, . . . , ϕ5 (or B1, . . . , B5) - of radii
√
2/5 - and a sup-
porting surfae S of the paking. Then S is made of several Hopf diss, eah of whih is
of area 2/5π beause its boundary is a Hopf irle of the boundary of a ball. Sine the
Fubini-Study form is integral and S is a losed surfae, the number of diss is a multiple
5k of ve, the sympleti area of S is 2kπ, and its homology lass is 2k[L] (L is a line in
P
2
).
Lemma 5.1. Assume there is a smooth sympleti immersion C0-lose to S, whose only
self-intersetions are at the origins of the balls. Then S is of area 2π, made of one Hopf
dis in eah ball of the paking, and it is the unique supporting surfae of the paking.
Proof : Denote by ki the number of Hopf diss of S ∩Bi, so that k1 + k2 + · · · + k5 = 5k.
The self-intersetion of S in a neighbourhood of the origin Oi of Bi is then given by the
formula :
δi =
ki(ki − 1)
2
.
The assumption on the smoothening of S means that one an nd a sympletially im-
mersed surfae S˜ homologous to S (hene in the homology lass 2k[L]) with positive self-
intersetions. They are loated in small neighbourhoods of the Oi and are the same as
those of S ∩Bi. The total self-intersetion number of S˜ is thus
δ :=
5∑
i=1
δi =
5∑
i=1
ki(ki − 1)
2
.
Taking into aount that
∑
ki = 5k, we easily get that
δ ≥ 5k(k − 1)
2
. (3)
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The positivity of the self-intersetions together with the fat that S˜ is sympleti imply
that S˜ is atually a J-holomorphi urve for a good almost omplex struture on P2 see
[1℄. It must therefore verify the adjuntion inequality, whih gives in our present situation
:
δ ≤ (2k − 1)(2k − 2)
2
= (2k − 1)(k − 1). (4)
It follows from (3) and (4) that k = 1, and δ = 0. We thus onlude that S was made
of ve Hopf diss, one in eah ball. Finally, we argue by ontradition to prove that S is
the only supporting surfae of the paking. Assume that there is a supporting surfae S′
distint of S, made of k′i Hopf diss in eah balls, and of total sympleti area 2k
′π (so
that
∑
ki = 5k
′
). Sine the only intersetion points between S and S′ are the enter of
the balls, we get :
4k′ = 2L · 2k′L = S · S′ =
5∑
i=1
S ·Oi S′ =
5∑
i=1
ki · 1 = 5k′.
This is the desired ontradition. 
Note that the previous omputation an be made for seven (resp. eight) balls. When they
are sympletially smoothable in the previous sense, the supporting surfaes are at most
seven (resp. eight), all of area 3π (resp. 6π). Eah one intersets six of the balls through
one Hopf dis and the last one through two Hopf dis (resp. intersets seven of the balls
through two Hopf diss and the last one through three).
5.3 Smoothening of the supporting surfaes for pakings of simple type.
In this paragraph, we show that the smoothening required by lemma 5.1 an be ahieved
when preise onditions on the singularities of the pakings are given. Reall that the
singularities of S are the union of a nite set of singularities of the paking and segments
of the harateristi foliations joining preisely these points. The rst step is to deal with
the generi singular points of S .
Lemma 5.2. Let S be a sympleti surfae singular along a segment Γ, a neighbourhood
of whih is dieomorphi to
{y = α(z)|x|} ⊂ R2(x, y)×]0, 1[(z), (5)
where α(z) is a ontinuous funtion whih vanishes at 0 and 1. Then S an be smoothened
to a sympleti surfae by a C0-perturbation.
Proof : Consider suh a segment of singularities Γ of S. Using Moser's argument, a
neighbourhood of Γ an be presented sympletially as the ylinder Vε := {|x1| < 1 +
ε , |y1| < ε , |z2| < ε} ⊂ C2(z1 = x1 + iy1, z2) in suh a way that Γ orresponds to
[−1, 1]×{0} and S orresponds to a union of two sympleti surfaes S1, S2 with ommon
boundary Γ. Sine S1 and S2 are sympleti, the identiation an be done in order to
ahieve also TqS1 = SpanR(∂/∂x1, ∂/∂y1) and TqS2 = SpanR(∂/∂x1,−∂/∂y1 − u(x1))
(q ∈ Γ) where u(x1) is a C1-smooth vetor eld along Γ with values in SpanC(∂/∂z2) whih
vanishes for x1 /∈] − 1, 1[. Now if the neighbourhood of Γ is small enough, S1 an be
straightened to the strip A = {|x1| < 1 + ε , 0 ≤ y1 < ε , z2 = 0} by a map h whih is
C1-lose to the identity (and even tangent to the identity along Γ). This map may distort ω
but by no more than an ε-fator. We produe our sympleti smoothening of S by utting
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S1 and replaing it by a very sympleti surfae Σ ⊂ Vε whih interpolates smoothly
between
(
Γ,SpanR(
∂
∂x1
, ∂∂y1 + u(x1))
)
and A.
To this purpose, we onsider a smooth prole of maps ϕ~v : [0, ε[−→ C parameterized
by vetors ~v of C, suh that ϕ~v(0) = 0, ϕ˙~v(0) = ~v, ϕ~v ≡ 0 on [ε/2, ε[ and ϕ0 ≡ 0. Up to
shrinking these maps, we an also arrange so that ∂ϕ~v/∂~v and ϕ˙~v are very small on big
ompat sets (for ~v). Then the surfae
Σ := {(x1, y1, ϕu(x1)(y1)), |x1| < 1 + ε , 0 ≤ y1 < ε, }
obviously interpolates smoothly between (Γ, ∂/∂y1+u(x1)) and A. Observe moreover that
the tangent vetors to Σ
v1 :=
∂
∂x1
+
∂ϕ~v
∂~v
· ∂u
∂x1
and v2 :=
∂
∂y1
+
∂ϕ~v
∂y1
are small perturbations of ∂/∂x1 and ∂/∂y1 respetively provided that ϕ is suiently
small in C1-norm. The tangent planes to Σ are thus far from being Lagrangian 
Hene all the diulty of our desingularization problem onentrates at the (unavoidable)
intersetion of S with singular points of the paking. To understand the situation in the
greatest generality, we need loal models for the singularities that may arise in regular
pakings. We do not pretend to nd them in this paper. Instead, and rather as an
illustration, we fous on the very speial type of singularities whih appear in the examples
we onstruted in setion 2.
Denition 5.3. We say that a boundary singularity p = ϕ(q) of a sympleti ball {ϕ,B}
is simple if ϕ is ontinuously dierentiable at q, with non-vanishing derivative in any
diretions but the harahteristi one. A regular paking is said to be of simple type if all
the singularities are simple, and if there exist no intersetion point between any four balls
(we only allow triple intersetion points).
Before proving theorem 4, let us disuss the meaning of this denition in our ontext.
Consider a regular sympleti ball {ϕ,B} of a sympleti manifold and a simple singularity
p of B. Denote by Cp andDp the Hopf irle and dis passing through p. For q = ϕ(η) ∈ Cp,
note also T c(q) := ϕ′(η) ·TCη ∂B and π(q) := T c(q)⊥ω. Then Dp is tangent to π(q) along Cp
and from the denition of a simple singularity, both sympleti plane distributions T c(q)
and π(q) have a well-dened limit T c(p) and π(p) when q goes to p. In partiular, Dp has
a tangent plane π(p) at p. Although TqCp may not have limit at p, Cp is tangent to π(p) at
p. Observing that the tangent plane to ∂B at q ∈ Cp is T c(q)⊕ TqCp we see that ∂B ∩ U
is C0-lose to the ylinder π(Cp)× T c(p) (and B ∩U is lose to Dp × T c(p)). This remark
immediately yields the following lemma :
Lemma 5.4. Let B be a sympleti ball with a simple singularity at p ∈ ∂B. With the
notations above, there is a neigbourhood U of p suh that the linear projetion π : Dp∩U −→
πp along T
c(p) is an injetive map.
This lemma prevents Dp from spiraling too muh above its tangent plane, reating
problemati one singularities. The proof of proposition 4 is ahieved in two steps. First,
we smoothen the supporting surfae at eah (simple type) singularity of the paking. Being
autious enough in the rst step allows to use lemma 5.2 to get rid of the remaining losed
ars of singularities.
Proof of proposition 4 : Consider a maximal sympleti paking {B1, . . . , Bk} ⊂ P2 of
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simple type, and one of its supporting surfaes S. Denote {p1, . . . , pn} the singularities
of the paking whih belongs to S. Then the singularities of S onsist of the points pi
themselves, together with open segments of the harateristi foliation linking the pi. The
dierentiable model of the singularities along these segments is loally {y = |x|}×R ⊂ R3.
As announed, we are going to smoothen S around the pi in suh a way that the remaining
segments of singularities have the global form (5). Consider heneforth one of the singular
point p := pi. Reall that p an only be an intersetion between two or three balls. Assume
rst that p lies in the intersetion between two balls only, say B1 and B2. Let us distinguish
between two ases.
Case a : π1(p) = π2(p), T
c
1 (p) = T
c
2 (p). All indies refer to the balls of the paking
(for instane π1(p) is the plane dened above for the ball B1). Consider loal sympleti
oordinates taking p to the origin in C2 and π(p) to {z2 = 0}. Inside a small bidis
Qε := {|z1| < ε} × {|z2| < ε}, the surfae S together with its tangent planes are very
lose to {z2 = 0}. The projetion π : S ∩ Qε −→ {z2 = 0} is therefore a overing map,
whih must be injetive from lemma 5.4. The intersetion of S with ∂Qε is therefore the
graph over ∂Dε of a pieewise C1-smooth omplex valued funtion with small C1-norm.
This funtion an obviously be extended to Dε in suh a way that its graph Σ ⊂ Qε is
tangent to S on ∂Qε (exept at the singularities of S ∩ ∂Qε), that its singularities are
loated on segments inside {ε/2 < |z1| < ε} and have the form of lemma 5.2. Moreover,
this extension an be hoosen C1-small, so that Σ remains a sympleti surfae. Cutting
S ∩Qε and replaing it by Σ thus gives the desired smoothening of S at p.
Case b : π1(p) 6= π2(p). Consider a small neighbourhood U of p suh that the ommon
Hopf irle Cp := Cp1 = Cp2 of ∂B1, ∂B2 passing through p is the union of two smooth
(open) ars ℓl and ℓr meeting at p. Assume also that π1(q) 6= π2(q) for all q ∈ ℓl∪ℓr. Inside
U we have TqCp = π1(q) ∩ π2(q) so that ℓl and ℓr have ommon tangeny π1(p) ∩ π2(p) at
p. Sine Di(p) has limit tangent plane πi(p) at p, if ℓl ∪ ℓr is C1-smooth then the model
of the singularity of S at p is the same as at any generi point of Cp, and we an forget
it. Else ℓl ∪ ℓr is a C1-usp, meaning that its projetion to π1(p) ∩ π2(p) is a half-line (see
gure 3). Then Cp × T c1 (p) (= Cp × T c2 (p)) separates U in two ylinders, a big one (with
aperture 2π at p) and a small one, in the whereabouts of whih eah ball is ontained. To
x the ideas, suppose that B1 is the big ball in U , and onsider sympleti oordinates in
U suh that p = 0, π1(p) = {z2 = x2 + iy2 = 0} and π1(p) ∩ π2(p) = SpanR(∂/∂y1). Note
that π2(p) is transverse to {z1 = 0} beause it is sympleti and ontains ∂/∂y2. So the
projetion of S on π1(p) along T
c
1 (p) inside a small bidis Qε is a overing map, injetive
by lemma 5.4. The intersetion ∂Qε ∩ S is heneforth the graph of a pieewise C1-smooth
omplex valued funtion over ∂Dε. It is easy to see that this map has bounded derivatives
and small C0-norm. The same proedure as in ase a. above produes the smoothening.
ℓr
f
π1(p)
ℓl
2π
Tpℓl = Tpℓr
π2(p)
Qε
p
Figure 3: Singularity of type π1(p) = π2(p) and Cp is not smooth.
Assume now that p lies in the boundary of three balls B1, B2, B3. If looking inside a
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suiently small neighbourhood U of p, eah intersetion Bi ∩ Bj ∩ U is a smooth open
ar ℓij ending at p. Reasoning as in ases a. and b. it is easy to smoothen S at p when
π1(p) = π2(p) = π3(p) or π1(p) = π2(p) 6= π3(p). Thus it only remains to investigate the
situation of three dierent tangent planes for Di(p) at p (see gure 4). The urves ℓij have
then well-dened tangenies at p :
Tpℓij = πi(p) ∩ πj(p).
Consider a parameterization of the ℓij by smooth maps γij : [0, ε[−→ U ⊂ C2 with
γij(0) = p. Notie that ω(γ˙ij(0), γ˙jk(0)) > 0 beause πj(p) = SpanR(γ˙ij(0), γ˙jk(0)) is
a sympleti plane. Applying a sympleti linear hange of oordinates and a resaling of
the parameterizations, we an suppose that
γ˙12(0) =

1
0
1
0
 , γ˙23(0) =

0
1
1
0
 , γ˙31(0) =

−1
−1
1
0
 ⊂ C2 ≈ R4.
Looking suiently lose to p, there is a dieomorphism Φ C1-lose to the identity taking
S to the one over the triangle :
Σ :=

 zϕ1(θ)z
0
 , 0 < h < 1

where ϕ1(θ) is the ounterlokwise parameterization of the triangle T1 spanned by the
points (1, 0), (0, 1), (−1,−1) of R2. Consider then the polar parameterizations ϕρ of a
family of onvex urves Tρ with Tρ = {x2 + y2 = ρ4} for ρ≪ 1, Tρ = ρ · T1 for ρ ≃ 1 and
the angles of the singularities of Tρ vary smoothly with ρ (see gure 4). Then the surfae
σ˜ := {(ϕh(θ), h, 0)}
is smooth near the origin, has tangent planes far from being Lagrangian and oinide with
Σ in a neighbourhood of h = {y2 = 1}. Cutting Σ from S and replaing it by Φ−1(Σ˜),
we get a sympleti smoothening of S at p. We were also suiently autious in the
extrapolation from T1 to Tρ, ρ ≃ 0 to ensure that the remaining singularities have the form
(5). 
θ
T1
π1(p)
π3(p)
p
ℓ12
ℓ23 ℓ13
π2(p)
Figure 4: Singularity of S and extrapolation between T1 and 0.
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